Abstract. It is well known that for any exotic pair of simply connected closed oriented 4-manifolds, one is obtained from the other by twisting a compact contractible submanifold via an involution on the boundary. By contrast, here we show that for each positive integer n, there exists a simply connected closed oriented 4-manifold X such that, for any compact (not necessarily connected) codimension zero submanifold W with b 1 (∂W ) < n, the set of all smooth structures on X cannot be generated from X by twisting W and varying the gluing map. As a corollary, we show that there exists no 'universal' compact 4-manifold W such that, for any simply connected closed 4-manifold X, the set of all smooth structures on X is generated from a 4-manifold by twisting a fixed embedded copy of W and varying the gluing map. Moreover, we give similar results for surgeries.
Introduction
It has been a fundamental problem in 4-dimensional topology to construct all exotic (i.e. homeomorphic but not diffeomorphic) smooth structures on a 4-manifold, but there is still no known 4-manifold whose all exotic smooth structures are found. A powerful method for constructing exotic smooth structures is twisting a compact codimension zero submanifold in a 4-manifold, that is, removing the submanifold and regluing it differently. In fact, a well-known theorem states that for any exotic pair of simply connected closed smooth oriented 4-manifolds, one is obtained from the other by twisting a compact contractible codimension zero submanifold via an involution on the boundary ( [15] , [30] ). A pair of such a contractible 4-manifold and an involution on its boundary is called a cork ( [26] , [7] ), and due to the order of the gluing map, it is sometimes called a cork of order 2 ( [35] ). Corks have been actively studied from various point of view, and have many interesting applications (e.g. [1] , [8] , [10] , [13] , [6] , [41] ). However, since there are infinitely many corks, and many contractible 4-manifolds admit infinitely many embeddings, it is still not known how to produce all exotic smooth structures.
Recently higher order corks ( [36] , [14] ) and surprisingly infinite order corks ( [23] , see also [3] , [24] , [38] ) were discovered, but interestingly Tange [37] showed that a natural extension of the above cork theorem does not always hold for an infinite exotic family, by showing a certain finiteness for Ozsváth-Szabó invariants of cork twisted 4-manifolds. More precisely, he gave infinite families of pairwise exotic closed 4-manifolds such that, for any 4-manifold X, any contractible submanifold W , and any self-diffeomorphism f of ∂W , the families cannot be constructed from X by twisting W via powers of f .
In this paper we discuss generalizations of the cork theorem from viewpoints of twists and more general surgeries.
1.1. Nonexistence of twists generating all exotic smooth structures. We first discuss twists, using the following terminologies. Definition 1.1. A pair (X, W ) consisting of a smooth oriented 4-manifold X and a compact (not necessarily connected) codimension zero submanifold W will be called a 4-manifold pair. For a family of smooth oriented 4-manifolds, we say that the family is generated from X by twisting W , if each member is orientation preserving diffeomorphic to a 4-manifold obtained from X by removing the submanifold W and gluing it back via a (not necessarily orientation preserving) self-diffeomorphism of the boundary ∂W . Here the orientations of the resulting 4-manifolds are those induced from the complement of W in X. Hence, in the case where the gluing map reverses the orientation, the newly glued piece is the orientation reversal W of W .
For example, it is well known that logarithmic transforms (i.e. twists along T 2 × D 2 ) can generate various interesting infinite families of exotic 4-manifolds under a certain condition (cf. [25] , [19] , [2] ). For an oriented smooth 4-manifold X, let S(X) be the set of all smooth structures on X, that is, S(X) is the set of all oriented smooth 4-manifolds homeomorphic to X preserving the orientations, considered up to orientation preserving diffeomorphisms. This set was inspired from Tange's galaxy ( [38] ). As is well-known, S(X) is a countable set for any compact oriented 4-manifold X, since members have at most countably many choices of handle decompositions. We consider the following natural problem. Problem 1.2. Does a given compact oriented smooth 4-manifold X admit a compact (not necessarily connected) codimension zero submanifold W such that S(X) is generated from X by twisting W ?
This problem asks a generalization of the cork theorem, since we do not impose any restrictions on the topology of W and on the gluing map. We note that a selfdiffeomorphism of ∂W may not preserve the connected components of ∂W when ∂W is disconnected, and hence twists in this problem are more flexible when W is disconnected. If the answer is affirmative, then we have a very useful approach for finding and understanding all exotic smooth structures on a 4-manifold, since they are generated by twisting just a single submanifold in this case. However, we give a partial negative answer under a mild assumption on b 1 (∂W ). Theorem 1.3. For each positive integer n, there exists a compact connected oriented smooth 4-manifold X such that, for any compact (not necessarily connected) codimension zero submanifold W satisfying b 1 (∂W ) < n, the set S(X) cannot be generated from X by twisting W . Furthermore, there exist infinitely many pairwise non-homeomorphic such simply connected closed oriented smooth 4-manifolds.
Note that W and ∂W are not necessarily connected. This result makes a sharp contrast with the aforementioned cork theorem. We note that the aforementioned Tange's result follows from this result, since the boundary of any compact contractible 4-manifold is a (connected) homology 3-sphere and thus satisfies b 1 = 0. Our proof is completely different from Tange's one and gives a topologically intuitive understanding.
To prove this theorem, we introduce the notion of an adjunction n-genus, which is a diffeomorphism invariant of 4-manifolds determined by the minimal genus function. We moreover give a sufficient condition that an infinite family of pairwise exotic (not necessarily closed) 4-manifolds cannot be generated by twisting, by using the adjunction n-genera. This sufficient condition gives various examples of the above theorem including many well-known 4-manifolds, and we here list a few simple ones in the n = 1 case. Example 1.4. (1) Elliptic surfaces. Every elliptic surface E(k) (k > 1) without multiple fibers is an example of the n = 1 case of Theorem 1.3. In fact we will show that, for any infinite family of homeomorphic but pairwise non-diffeomorphic simply connected closed elliptic surfaces with b + 2 > 1, the family does not admit a 4-manifold pair (X, W ) with b 1 (∂W ) < 1 such that the family is generated from X by twisting W . (2) Knot surgery. Suppose that a simply connected closed oriented smooth 4-manifold X with b + 2 > 1 and a non-trivial Seiberg-Witten invariant contains a homologically non-trivial torus T of self-intersection 0 satisfying π 1 (X − T ) ∼ = 1. Then X is an example of the n = 1 case of Theorem 1.3. Indeed, for any infinite family {K i } of knots in S 3 whose Alexander polynomials have pairwise distinct degrees, we show that the infinite family {X Ki } of homeomorphic but pairwise nondiffeomorphic simply connected closed 4-manifolds does not admit a 4-manifold pair (Z, W ) with b 1 (∂W ) < 1 such that the family is generated from Z by twisting W . Here each X Ki denotes the 4-manifold obtained from X by performing FintushelStern's knot surgery [18] on T using K i . (3) Small Stein 4-manifolds. We can also provide non-closed examples. For example, we consider infinite families of homeomorphic but pairwise non-diffeomorphic simply connected compact Stein 4-manifolds with b 2 = 2 obtained by Akbulut and the author [11] and the author [40] . We show that any family does not admit a 4-manifold pair (X, W ) with b 1 (∂W ) < 1 such that the family is generated from X by twisting W .
Due to the cork theorem and the existence of infinite order corks, one might hope for the existence of a 'universal' 4-manifold W such that, for any compact 4-manifold X, the set of all smooth structures on X is generated from a 4-manifold by twisting a fixed embedded copy of W . However, the above theorem dashes this hope. Corollary 1.5. There exists no compact (not necessarily connected) oriented smooth 4-manifold W such that for any simply connected oriented closed smooth 4-manifold X, the set S(X) is generated from a smooth oriented 4-manifold by twisting a fixed embedded copy of W .
1.2.
Nonexistence of surgeries generating all exotic smooth structures. Next we discuss surgeries using the following terminology. Definition 1.6. For a 4-manifold pair (X, W ) and a family of smooth oriented 4-manifolds, we say that the family is generated from X by performing surgeries on W , if each member is obtained from X by removing the submanifold W and gluing a compact oriented smooth 4-manifold whose boundary is orientation preserving diffeomorphic to ∂W . Note that we do not fix the newly glued piece.
Clearly surgeries can produce many more 4-manifolds than twists. For example, one can replace submanifolds with their exotic copies. Since surgeries can produce various infinite exotic families (cf. [25] , [19] , [2] ), it would be natural to consider a surgery version of Problem 1.2. Problem 1.7. Does a given compact oriented smooth 4-manifold X with b 2 > 0 admit a compact (not necessarily connected) codimension zero submanifold W with b 2 (W ) < b 2 (X) such that S(X) is generated from X by performing surgeries on W ?
The conditions b 2 (X) > 0 and b 2 (W ) < b 2 (X) might look unnatural, but we impose this restriction to avoid a trivial affirmative answer. Indeed, for any compact codimension zero submanifold V of the 4-ball, it is easy to see that W = X − int V provides an affirmative answer, realizing any integer not less than b 2 (X) as b 2 (W ).
Here we show that this problem also has a partial negative answer under a mild assumption on b 2 (W ) + 3b 1 (∂W ), even though surgeries are much more flexible than twists. Theorem 1.8. For each positive integer n, there exists a compact connected oriented smooth 4-manifold X with b 2 > n such that, for any compact (not necessarily connected) codimension zero submanifold W with b 2 (W ) + 3b 1 (∂W ) < n, the set S(X) cannot be generated from X by performing surgeries on W . Furthermore, there exist infinitely many pairwise non-homeomorphic such simply connected closed oriented smooth 4-manifolds.
It would be worth to remark that the above X can be chosen so that it satisfies the condition of Theorem 1.3. We also give a sufficient condition that an infinite family of pairwise exotic (not necessarily closed) 4-manifolds cannot be generated from a 4-manifold by performing surgeries, by using the adjunction n-genera. Similarly to the case of twists, this sufficient condition gives various examples including many well-known 4-manifolds. For example, the 4-manifolds in Example 1.4 are examples of the n = 1 case of this theorem as well.
Similarly to the case of twists, Theorem 1.8 shows the nonexistence of a 'universal' 4-manifold even for surgeries. Corollary 1.9. There exists no compact oriented smooth 4-manifold W such that for any simply connected closed oriented smooth 4-manifold X, the set S(X) is generated from X by performing surgeries on a fixed embedded copy of W .
1.3.
Nonexistence of twists generating all exotic smooth structures by varying embeddings. Finally, we discuss a further generalization of the cork theorem. Problem 1.10. Does a given compact oriented smooth 4-manifold X admit a compact (not necessarily connected) oriented smooth 4-manifold W such that S(X) is generated from X by twisting an embedded copy of W and varying the embedding of W into X?
The construction in this problem is much more flexible than the one in Problem 1.2, since we vary an embedding of W . A related problem was studied by Akbulut and the author in [8] and [9] , and it was shown that many order-2 corks can produce infinite families of pairwise exotic simply connected closed 4-manifolds by twisting the corks via the involutions and varying their embeddings, though they can produce only exotic pairs in the case where their embeddings are fixed. By contrast, we give a partial negative answer to this problem. Theorem 1.11. For each positive integer n, there exists a simply connected closed oriented smooth 4-manifold X with b 2 = 12n+10 such that for any compact oriented smooth 4-manifold W with b 2 (W ) − 4b 1 (∂W ) > 11n + 10, the set S(X) cannot be generated from X by twisting an embedded copy of W and varying the embedding of W into X.
Actually it is possible to decrease the lower bound for b 2 (W ) − 4b 1 (∂W ) by improving the construction of X, but we do not pursue this point in the case where X is closed. In the case where X is a 4-manifold having boundary, we can significantly decrease the lower bound. Theorem 1.12. For each positive integer n, there exists a compact connected oriented smooth 4-manifold X with b 2 = 2n such that for any compact oriented smooth 4-manifold W with b 2 (W ) − 4b 1 (∂W ) > n, the set S(X) cannot be generated from X by twisting an embedded copy of W and varying the embedding of W into X.
As before, by using the adjunction n-genera, we also give a sufficient condition that an infinite family of pairwise exotic (not necessarily closed) 4-manifolds cannot be generated from a 4-manifold by twisting an embedded copy of a 4-manifold and varying the embedding, To prove our main results, we give sufficient conditions that infinitely many members of a family of 4-manifolds have pairwise distinct adjunction n-genera, by applying the adjunction inequalities. As a corollary, we obtain a simple but effective method for 'coarsely' distinguishing smooth structures of 4-manifolds admitting Stein structures.
Adjunction n-genus
In this section, we introduce the notion of an adjunction n-genus together with our conventions. We also briefly recall genus invariants of 4-manifolds.
For a smooth 4-manifold X and a second homology class α, the minimal genus g X (α) of α is defined to be the minimal genus of a smoothly embedded closed oriented surface representing α (cf. [25] ). Here note that the genus of a disconnected closed oriented surface is defined to be the sum of the genera of all connected components. If X is connected, then for any disconnected closed oriented surface in X, one can construct a connected closed oriented surface of the same genus representing the same homology class.
In general, it is difficult to determine the minimal genus of a second homology class. A strong method for determining the minimal genus is the inequalities below, which are called the adjunction inequalities. In the rest, the self-intersection number of a second homology class α is denoted by α · α. [32] , [33] ). Assume that X is a closed connected oriented smooth 4-manifold with b + 2 > 1. Let K be a Seiberg-Witten basic class of X, and let α be a non-zero class of H 2 (X; Z). If α · α ≥ 0, then
If α · α < 0, and X is of Seiberg-Witten simple type, then
The function g X : H 2 (X; Z) → Z is called the minimal genus function of X. This function has useful information about smooth structures of 4-manifolds, but in general, it is significantly more difficult to distinguish the functions of two 4-manifolds, since we need to consider all possible identifications of their second homology groups. The author [39] (cf. [40] ) thus introduced the relative genus function, which is a genus invariant (i.e. a diffeomorphism invariant determined by the minimal genus function on a 4-manifold). Gompf [22] subsequently introduced a different genus invariant called the genus rank function, and the author [42] recently introduced a new genus invariant called intersection genus. In this paper we introduce yet another genus invariant to prove our main results.
Here we introduce our conventions. Let X be an oriented smooth 4-manifold such that H 2 (X; Z) is finitely generated. If X is compact, then this condition clearly holds. A finite subset v = {v 1 , v 2 , . . . , v m } of H 2 (X; Z) will be called a rational basis of H 2 (X; Z), if v becomes a basis of H 2 (X; Q) through the natural homomorphism. In the case where b 2 (X) = 0, we regard the empty set as the rational basis of H 2 (X; Z).
Now we introduce the notion of an adjunction n-genus.
will be called the adjunction genus function of X, and the value of g ad X (v) will be called the adjunction genus of v.
(2) For a rational basis v = {v 1 , v 2 , . . . , v m } of H 2 (X; Z) and a positive integer n ≤ b 2 (X), we define a non-negative integer G X,v,n as the n-th largest value of {g
where the order is counted with multiplicity. For a positive integer n > b 2 (X), we put G X,v,n = 0. For a non-negative integer n, we define an integer G X (n) by
We call G X (n) the adjunction n-genus of X.
The adjunction n-genus is clearly a diffeomorphism invariant of oriented 4-manifolds for each fixed integer n. We can define a similar invariant using the minimal genus function, but the adjunction n-genus is easier to estimate due to the adjunction inequality. One can also define an integral version of the adjunction n-genus by using (ordinary) bases instead of rational bases, but we do not pursue this point here. In general, computing adjunction n-genera is a very hard problem, but estimating their values are useful for studying smooth properties of (families of) 4-manifolds.
Remark 2.3. For each n ≥ 2, the inequality G X (n − 1) ≥ G X (n) holds. Thus for any infinite family of 4-manifolds with pairwise distinct adjunction n-genera, at least infinitely many members have pairwise distinct adjunction (n − 1)-genera.
Adjunction n-genera, twists and surgeries
In this section, utilizing adjunction n-genera, we give sufficient conditions that an infinite family of 4-manifolds cannot be generated by twists and/or surgeries. We begin with twists.
Theorem 3.1. Suppose that infinitely many members of a family of compact connected oriented smooth 4-manifolds have pairwise distinct adjunction n-genera for a positive integer n. Then for any 4-manifold pair (X, W ) with b 1 (∂W ) < n, the family cannot be generated from X by twisting W . (Note that W and ∂W are not necessarily connected.)
To prove this theorem, we establish the following finiteness result. Proposition 3.2. Suppose that a family of compact connected oriented smooth 4-manifolds is generated from X by twisting W for a 4-manifold pair (X, W ). Then, for any integer n > b 1 (∂W ), there are at most finitely many integers that can be the values of the adjunction n-genera of the members.
We first prove the b 1 (∂W ) = 0 case, since its proof is short and nicely demonstrates our main idea.
Proof of the b 1 (∂W ) = 0 case of Proposition 3.2. Let {X λ } λ∈Λ be a family of 4-manifolds satisfying the assumption. We first consider the case where W is connected. Then each X λ is decomposed as either
We fix rational bases v = {v 1 , v 2 , . . . , v s } and w = {w 1 , w 2 , . . . , w t } of H 2 (X − int W ; Z) and H 2 (W ; Z) respectively. We note that w is a rational basis of H 2 (W ; Z), since this group is equal to H 2 (W ; Z). We regard each v i (resp. w j ) as an element of H 2 (X λ ; Z) via the inclusion X − int W ֒→ X λ (resp. either the inclusions W ֒→ X λ or W ֒→ X λ ). Due to the assumption b 1 (∂W ) = 0, the Mayer-Vietoris exact sequence for the above decomposition of each X λ implies that v ∪w is a rational basis of H 2 (X λ ; Z). Since each v i (resp. w j ) is represented by a surface in X − int W (resp. either W or W ), the definition of the adjunction n-genus shows that
Note that the rightmost value is independent of λ. Hence at most finitely many integers can be the values of the adjunction n-genera of the members.
In the case where W is disconnected, each X λ is decomposed as (X −int W )∪ W , where W is a copy of W possibly equipped with the reverse orientations for some of its connected components, depending on λ. Since W has at most finitely many connected components due to the compactness condition of W , there are at most finitely many choices of W . Therefore, we can prove the desired finiteness similarly to the connected case. Now we prove the general case.
Proof of Proposition 3.2. Let {X λ } λ∈Λ be a family of 4-manifolds satisfying the assumption. We first consider the case where W is connected. Then each X λ is decomposed as either X λ = (X−int W )∪W or X λ = (X−int W )∪W . As before, we fix rational bases v = {v 1 , v 2 , . . . , v s } and w = {w 1 , w 2 , . . . , w t } of H 2 (X −int W ; Z) and H 2 (W ; Z) respectively, and we regard each v i and w j as elements of H 2 (X λ ; Z) via the inclusions. The Mayer-Vietoris exact sequence for the decomposition of X λ gives the following exact sequence.
This exact sequence shows that
Now we estimate the value of G X λ (n) for an integer n > b 1 (∂W ). If λ ∈ Λ satisfies dim(Im ϕ λ ) = 0, then we see that b 2 (X λ ) ≤ b 1 (∂W ) < n. Hence we get G X λ (n) = 0 by the definition of the adjunction n-genus. Now suppose that λ ∈ Λ satisfies dim(Im ϕ λ ) = k for some k > 0. Then there exists a subset u λ = {u 1 , u 2 , . . . , u k } of v ∪ w such that u 1 , u 2 , . . . , u k are linearly independent in H 2 (X λ ; Z), since v and w are rational bases of H 2 (X − int W ; Z) and H 2 (W ; Z). Therefore, there exists a (possibly empty) subset x λ = {x 1 , x 2 , . . . , x l } of H 2 (X λ ; Z) such that u λ ∪ x λ is a rational basis of H 2 (X λ ; Z). We here note that
We thus see that
Since the last value is independent of λ, at most finitely many integers can be the values of the adjunction n-genera of the members of {X λ } λ∈Λ .
In the case where W is disconnected, each X λ is decomposed as (X −int W )∪ W , where W is a copy of W possibly equipped with the reverse orientations for some of its connected components, depending on λ. Since W has at most finitely many connected components due to the compactness condition of W , there are at most finitely many choices of W . Therefore, we can prove the desired finiteness similarly to the connected case.
Proof of Theorem 3.1. This is straightforward from Proposition 3.2.
We next discuss surgeries. Theorem 3.3. Suppose that infinitely many members of a family of compact connected oriented smooth 4-manifolds with b 2 = m have pairwise distinct adjunction n-genera for a positive integer n. Then, for any 4-manifold pair (X, W ) satisfying m − b 2 (X) + b 2 (W ) + 3b 1 (∂W ) < n, the family cannot be generated from X by performing surgeries on W . (Note that W and ∂W are not necessarily connected.)
To prove this theorem, we show the following finiteness result. Proposition 3.4. Suppose that a family of compact connected oriented smooth 4-manifolds with b 2 = m is generated from X by performing surgeries on W for a 4-manifold pair (X, W ). Then, for any positive integer n satisfying
there are at most finitely many integers that can be the values of the adjunction n-genera of the members.
We first prove the b 1 (∂W ) = 0 case, since its proof is short and nicely demonstrates our main idea as before.
Proof of the b 1 (∂W ) = 0 case of Proposition 3.4. Let {X λ } λ∈Λ be a family of 4-manifolds satisfying the assumption. Then each X λ has a decomposition
for some compact oriented 4-manifold W λ . We fix rational bases v = {v 1 , v 2 , . . . , v s } and w λ = {w 1 , w 2 , . . . , w t } of H 2 (X −int W ; Z) and H 2 (W λ ; Z) respectively. By the assumption b 1 (∂W ) = 0, we easily see that v ∪ w λ is a rational basis of H 2 (X λ ; Z), where we regard v and w λ as subsets of H 2 (X λ ; Z) via the inclusions X − int W ֒→ X λ and W λ ֒→ X λ . We can thus check that
The definition of the adjunction n-genus together with this inequality implies that
Therefore, at most finitely many integers can be the values of the adjunction ngenera of the members of {X λ } λ∈Λ .
Now we prove the general case.
Proof of Proposition 3.4. Let {X λ } λ∈Λ be a family of 4-manifolds satisfying the assumption. Then each X λ has a decomposition X λ = (X − int W ) ∪ W λ for some compact oriented 4-manifold W λ . We fix rational bases v = {v 1 , v 2 , . . . , v s } and w λ = {w 1 , w 2 , . . . , w t } of H 2 (X − int W ; Z) and H 2 (W λ ; Z) respectively. We regard each v i and w j as elements of H 2 (X λ ; Z) via the inclusions X − int W ֒→ X λ and W λ ֒→ X λ .
We here estimate the value of b 2 (W λ ). The Mayer-Vietoris exact sequence for X λ = (X − int W ) ∪ W λ gives the following exact sequence.
This exact sequence implies that
Using these inequalities, we can easily show that
Now we estimate the value of G X λ (n) for a positive integer n satisfying
If λ ∈ Λ satisfies dim(Im ψ λ ) < n − b 1 (∂W ), then we easily see b 2 (X λ ) < n. Hence we get G X λ (n) = 0 by the definition of the adjunction n-genus. We thus assume that λ ∈ Λ satisfies dim(Im ψ λ ) = k for some k ≥ n − b 1 (∂W ). Then the condition dim(Im ψ λ ) = k implies that there exists a subset u λ = {u 1 , u 2 , . . . , u k } of v ∪ w λ such that u 1 , u 2 , . . . , u k are linearly independent in H 2 (X λ ; Z), since v and w λ are rational bases of H 2 (X − int W ; Z) and H 2 (W λ ; Z). Therefore, there exists a (possibly empty) subset x λ = {x 1 , x 2 , . . . , x l } of H 2 (X λ ; Z) such that u λ ∪ x λ is a rational basis of H 2 (X λ ; Z). Note that l = dim(Im ∂ λ ) ≤ b 1 (∂W ), since b 2 (X λ ) = k + dim(Im ∂ λ ). Due to the above estimate of b 2 (W λ ) and the assumption on n, we thus obtain
This inequality shows that the number of elements of (u λ ∩ w λ ) ∪ x λ is less than n. We thus obtain the following estimate of G X λ (n).
Proof of Theorem 3.3. For a 4-manifold pair (X, W ), using the Mayer-Vietoris exact sequence for the decomposition X = (X − int W ) ∪ W , we can easily show that Finally, we discuss twists without fixing embeddings. Applying Theorem 3.3, we prove the following results.
Theorem 3.5. Suppose that infinitely many members of a family of compact connected oriented smooth 4-manifolds with b 2 = m have pairwise distinct adjunction n-genera for a positive integer n. Then, for any compact oriented smooth 4-manifolds X and W satisfying m − n < b 2 (W ) − 4b 1 (∂W ), the family cannot be generated from X by twisting an embedded copy of W and varying the embedding of W into X. (Note that W and ∂W are not necessarily connected.)
Proof. Assume that an infinite family of 4-manifolds satisfies the assumption of this theorem. Suppose, to the contrary, that there exist compact oriented smooth 4-manifolds X and W with
such that the family is generated from X by twisting an embedded copy of W and varying the embedding of W into X. Let W 0 be an embedded copy of W in X. Then the above assumption on X and W guarantees that the family is generated from X by performing surgeries on X − int W 0 . We can easily check that
similarly to the estimate of b 2 (W λ ) in the proof of Proposition 3.4. Hence we see that
Since infinitely many members of the family have pairwise distinct adjunction ngenera, this inequality contradicts Theorem 3.3. Remark 3.6. As seen from the proofs, all the results in this section still hold without the compactness condition of the members of a family of 4-manifolds, if the second homology group of each member is finitely generated.
Estimating adjunction n-genera
In this section, we give sufficient conditions that infinitely many members of a family of 4-manifolds to have pairwise distinct adjunction n-genera, by utilizing the adjunction inequalities. These conditions also provide simple but effective methods for coarsely distinguishing smooth structures.
Let {X i } i∈N be a family of compact connected oriented smooth 4-manifolds, and let S i (i ∈ N) be a finite subset of H 2 (X i ; Z). We introduce the following condition, which plays an important role for estimating the adjunction n-genera. Definition 4.1. For a positive integer n, we say that the members of {S i } i∈N are pairwise n-nicely inequivalent, if for each i ∈ N there exist a positive integer m i ≥ n, non-zero classes K
, and non-negative integers a
mi satisfying the following three conditions.
n are primitive and linearly independent for each i ∈ N.
• For each 1 ≤ j ≤ n, the integer sequence {a Remark 4.3. Many families produced by logarithmic transforms or Fintushel-Stern's knot surgeries satisfy this assumption, as we observe using the formulas of SeibergWitten invariants (cf. [19] ). We note that, if a closed oriented smooth 4-manifold with b + 2 > 1 contains a smoothly embedded torus with the self-intersection number 0 representing a non-torsion second homology class, then the 4-manifold is of Seiberg-Witten simple type, according to [31] .
Proof. By the assumption, for each i ∈ N there exist a positive integer m i ≥ n, non-zero classes K
, and non-negative integers
mi satisfying the following conditions. (i) S i = {±a
(iii) For each 1 ≤ j ≤ n, the integer sequence {a
are linearly independent, the universal coefficient theorem implies that there exist pairwise distinct elements v t1 , v t2 , . . . , v tn of v i such that K (i) j , v tj = 0 for each 1 ≤ j ≤ n. We note that each element of S i is a Seiberg-Witten basic class of X i . Due to the condition (i), the adjunction inequality to each v tj shows that
This implies that a (i) j ≤ g ad Xi (v tj ) for each 1 ≤ j ≤ n. It thus follows that min{a
Hence we obtain min{a
The condition (iii) thus shows lim i→∞ G Xi (n) = ∞. Therefore, at least infinitely many members of {X i } i∈N have pairwise distinct adjunction n-genera.
We next discuss the case where the members admit Stein structures. For a compact connected oriented smooth 4-manifold X with boundary, we define a subset
where c 1 (X, J) denotes the first Chern class of X equipped with a Stein structure J.
Theorem 4.4. Let {X i } i∈N be an infinite family of compact connected oriented smooth 4-manifolds with boundary. Suppose each C S (X i ) has a subset S i such that the members of {S i } i∈N are pairwise n-nicely inequivalent for a positive integer n. Then at least infinitely many members have pairwise distinct adjunction n-genera.
Proof. Since a version of the adjunction inequality holds for any compact Stein 4-manifold ( [28] , [4] , [29] ), the above proof of Theorem 4.2 works in this case as well.
This sufficient condition is of independent interest, since it is a simple sufficient condition that an infinite family has infinitely many pairwise non-diffeomorphic members. Note that the adjunction n-genus is a diffeomorphism invariant.
We here recall that the divisibility d(α) of an element α in a finitely generated abelian group G is defined by
We immediately obtain the following corollary. 
Examples
In this section, we prove our main results. To do this, we give exotic 4-manifolds with distinct adjunction n-genera by applying results in Section 4.
Theorem 5.1. For each positive integer n, there exists an infinite family of homeomorphic but pairwise non-diffeomorphic simply connected closed oriented smooth 4-manifolds with pairwise distinct adjunction n-genera. Furthermore, there exist infinitely many such families whose homeomorphism types are pairwise distinct. We give examples of Theorem 5.1 and 5.2 and then prove Theorems 1.11 and 1.12. In the rest, we use the following notations. For a positive integer n, let E(n) be the simply connected elliptic surface with Euler characteristic 12n and with no multiple fibers, and let E(n) p,q be the elliptic surface obtained from E(n) by performing logarithmic transformations of multiplicities p and q along two tubular fibers. We denote the Gompf nucleus [20] of E(n) by N (n), namely, N (n) is the tubular neighborhood of the union of a cusp fiber and a −n-section of E(n).
5.1.
The n = 1 case of Theorems 5.1 and 5.2. We start with the simplest case of Theorems 5.1 and 5.2. We note that the following provides a justification for Example 1.4. 5.1.1. Elliptic surfaces. Any given infinite family of homeomorphic but pairwise non-diffeomorphic simply connected closed elliptic surfaces with b + 2 > 1 has infinitely members with pairwise distinct adjunction 1-genera. This can be seen as follows. As is well-known (cf. [25] ), any simply connected elliptic surface with b + 2 > 1 is diffeomorphic to E(k) p,q for some positive integers k ≥ 2 and p, q ≥ 1. Since the members of the infinite family are pairwise homeomorphic, the value of k is independent of a member. According to the computation of SW E(k)p,q in [17] (see Theorem 3.3.6 in [25] ), each E(k) p,q has a Seiberg-Witten basic class whose divisibility is kpq − p − q. Therefore, Theorem 4.2 shows that infinitely many members have pairwise distinct adjunction 1-genera. 5.1.2. Knot surgery. Suppose that a simply connected closed oriented smooth 4-manifold X with b + 2 > 1 contains a homologically non-trivial torus T of selfintersection 0 satisfying π 1 (X − T ) ∼ = 1 and has a non-trivial Seiberg-Witten invariant. There are many examples of X such as elliptic surfaces. Let X K denote the 4-manifold obtained from X by performing a Fintushel-Stern's knot surgery [18] on T using a knot K in S 3 . Then for any infinite family {K i } i∈N of knots in S 3 whose Alexander polynomials have pairwise distinct degrees, the members of the infinite family {X Ki } i∈N are homeomorphic but pairwise non-diffeomorphic simply connected closed 4-manifolds due to [18] and [34] . We here recall that K ∈ B X , if and only if −K ∈ B X (cf. Remark 2.4.4.(d) in [25] ). Thus, using the FintushelStern's knot surgery formula ( [18] . cf. [16] ), one can check that each B XK i has a subset S i such that the members of {S i } i∈N are pairwise 1-nicely inequivalent. Therefore, by Theorem 4.2, an infinite subfamily of {X Ki } i∈N is an example of the n = 1 case of Theorem 5.1.
Small Stein 4-manifolds.
The infinite families of homeomorphic but pairwise non-diffeomorphic simply connected compact Stein 4-manifolds with b 2 = 2 obtained in [11] and [40] have infinite subfamilies that are examples of the n = 1 case of Theorem 5.2. To prove this claim, we use Stein structures obtained in [12] , which are different from the original ones obtained in [11] and [40] . (The original Stein structures works as well, but those in [12] are the simplest regarding our purpose). Let m = (m 0 , m 1 , m 2 ) be a 3-tuple of integers satisfying m 0 ≥ 2, m 1 ≥ 2, m 2 ≥ 1, and let X (m) and X (m) p be the 4-manifolds in Figure 1 , where p is a positive integer. (These manifolds were introduced in [11] and [40] , and this figure was used in [12] .) Then, for each fixed m, infinitely many members of {X In the rest, let n be a positive integer.
5.2.1. Knot surgery. Suppose that X is a simply connected closed oriented smooth 4-manifold with b + 2 > 1 that has a non-trivial Seiberg-Witten invariant and contains pairwise disjoint n copies of the Gompf nucleus N (2). For example, the elliptic surface E(k) (k ≥ 2) contains pairwise disjoint 2(k − 1) copies of the Gompf nucleus N (2) (see Exercises 3.1.12.(c) in [25] ). One can also construct many examples of X, since the boundary connected sum ♮ n N (2) admits a Stein structure, and any compact Stein 4-manifold can be embedded into a simply connected closed minimal symplectic 4-manifold with b + 2 > 1 ( [5] ). For each 1 ≤ i ≤ n, let T i be a regular fiber of a cusp neighborhood of the i-th copy of N (2) embedded in X. Then each T i is a torus with the self-intersection number 0, and T 1 , T 2 , . . . , T n represent linearly independent second homology classes of X. For an infinite family {K i } i∈N of knots in S 3 whose Alexander polynomials have pairwise distinct degrees, let X i be the 4-manifold obtained from X by performing knot surgeries on the tori T 1 , . . . , T n using the knot K i . Then each X i is homeomorphic to X. On the other hand, due to the knot surgery formula ( [18] ), one can see that each B Xi has a subset S i such that the members of {S i } i∈N are pairwise n-nicely inequivalent. Therefore, Theorem 4.2 shows that an infinite subfamily of {X i } i∈N is an example of Theorem 5.1. We note that b 2 (X i ) = 12n + 10 in the case where X = E(n + 1).
